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Abstract—Large-scale multiple-input multiple-output (MIMO)
is an emerging wireless technology that deploys thousands of
transmit antennas at the base-station to boost spectral efficiency.
The classic weighted minimum mean-square-error (WMMSE)
algorithm for beamforming is no suited for the large-scale MIMO
because each iteration of the algorithm then requires inverting a
matrix whose size equals the number of transmit antennas. While
the existing methods such as the reduced WMMSE algorithm
seek to decrease the size of matrix to invert, this work proposes
to eliminate this large matrix inversion completely by applying
gradient descent method in conjunction with fractional pro-
gramming. Furthermore, we optimize the step sizes for gradient
descent from a finite horizon optimization perspective, aiming to
maximize the performance after a limited number of iterations of
gradient descent. Simulations show that the proposed algorithm
is much more efficient than the WMMSE algorithm in optimizing
the large-scale MIMO precoders.

Index Terms—Beamforming, finite horizon optimization, large-
scale multiple-input multiple-output (MIMO), large matrix inver-
sion, gradient descent, step size, fractional programming.

I. INTRODUCTION

ARGE-SCALE multiple-input multiple-output (MIMO)

has imposed a huge challenge to the wireless network
optimization because the corresponding beamforming problem
is not only nonconvex but also involves high-dimensional vari-
ables [1]. Unfortunately, the well-known weighted minimum
mean-square-error (WMMSE) algorithm [2], [3] is not suited
for the large-scale MIMO case, because it entails inverting
a large matrix whose size equals the number of transmit
antennas for each iteration. To remedy the situation, this
work examines the large-scale MIMO beamforming problem
from a novel viewpoint of finite horizon optimization: how to
maximize the performance given a limited number of iterations
as illustrated in Fig. 1.

For the beamforming problem, many early works [4]-[8]
pursue the minimum total power of precoders under the given
signal-to-interference-plus-noise ratio (SINR) constraints. De-
spite the nonconvexity, this min-power beamforming problem
can be solved globally in an efficient way based on the uplink-
downlink duality [4]. Another beamforming problem formu-
lation in the literature [9]-[11] is to maximize the minimum
SINR across receivers under the given power constraint; the re-
sulting max-min problem is amenable to the semidefinite pro-
gramming (SDP) approach. In particular, the max-min SINR
problem can be approximately solved to within a constant
factor for the single-cell network [9]. The modern works in the
area mostly study the weighted sum rates (WSR) maximization
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Fig. 1. According to the conventional optimization theory, algorithm A is
better because its asymptotic convergence rate is higher when the number
of iterations is sufficiently large. However, in the context of finite horizon
optimization, algorithm B can outperform algorithm A when the attention is
restricted to a finite range up to 7" iterations.

for the beamforming problem. Since the WSR problem is NP-
hard [12], the previous works that aim at global optimum must
resort to those exponential-time optimization methods, e.g.,
the exhaustive search [13], the branch-and-bound algorithm
[14], and the polyblock optimization [15]. Some other existing
works have suggested various approximations of the WSR
problem to make the solution practical, e.g., the signomial
programming approximation [16], the geometric programming
approximation [17], the successive convex approximation [18],
and the minorization-maximization (MM) approximation [19].
In particular, as a classic and simple approximation, the
zero-forcing (ZF) beamforming method [20] just ignores the
background noise and then nullifies the interfering signals. The
authors of [21] improve the ZF beamforming method to reduce
the approximation error, by dropping a set of weakest eigen-
channels. Moreover, it is worth mentioning the information
theoretic approach to the beamforming problem based on
interference alignment [22]-[25], wherein the data rate in
the WSR problem is approximated as the degrees-of-freedom
(DoF).

The WMMSE algorithm [2], [3], first proposed about 20
years ago, still constitutes one of the most popular beam-
forming methods nowadays. It derives from the following
insight: the data rate maximization is equivalent to the received
signal mean-square-error (MSE) minimization. Furthermore,
[26] shows that the WMMSE algorithm is intimately related
to fractional programming (FP). From an FP perspective, the
WMMSE algorithm can be interpreted as a two-stage method:



first, it moves the SINR terms to the outside of log(1+ SINR)
to obtain a sum-of-ratios problem; second, it addresses the
sum-of-ratios problem by the quadratic transform (QT) [26].
We remark that, at the second stage, the QT can be performed
in various ways, one particular way leading to the WMMSE
algorithm. Thus, the WMMSE algorithm turns out to be a
special case of FP, and it may not be the best case of FP for
beamforming as shown in [27], [28].

The WMMSE algorithm [2], [3] is based on an iterative
paradigm. As a desirable feature, WMMSE provides closed-
form solution for each iteration. Note that such closed-form
solution can be interpreted as the projection onto the surface
of an M-dimensional ellipsoid [29], where M is the number
of transmit antennas, so it requires inverting an M x M matrix.
This matrix inverse operation becomes costly when M is
large, so the WMMSE algorithm is not suited for the large-
scale MIMO beamforming (e.g., with thousands of antennas
deployed [30], [31]). To address this issue, a recent work
[32] proposes the so-called reduced WMMSE algorithm that
maps the original beamforming variable from the M x M
space into the NK x NK space, where N is the number of
receive antennas at each user terminal and K is the number of
user terminals per cell. As a consequence, the new algorithm
requires inverting an NK x NK matrix instead for each
iteration. Yet there are two subtle issues with the reduced
WMMSE algorithm [32]. First, it is possible that NK > M
in practice, and then the NK x NK matrix inversion can
be even more complex than the M x M one. Second, it can
be difficult to recover the original solution for the multi-cell
network, because the beamforming variable mapping is shown
to be invertible only for the single-cell case.

Alternatively, a more recent work [33] proposes to eliminate
the matrix inversion by the nonhomogeneous quadratic trans-
form (NQT)—an improved version of the QT method for FP
[26]. However, the NQT would slow down the convergence
of the iterative optimization. As shown in [29], both NQT
and WMMSE can be interpreted as constructing a concave
surrogate function for the original objective function of the
beamforming problem, but the surrogate function constructed
by WMMSE is tighter, so the WMMSE algorithm [2], [3]
converges faster than the NQT algorithm [33]. To be more
specific, letting f* be the value of the WSR objective after ¢
iterations, and f* the value of convergence, [29] shows that
WMMSE achieves

F-pl=T as too, M
while the QT method achieves
Ift—f*|=§ as 1 — oo, @)

where 5 > « > 0. Furthermore, [29] shows that the
NQT method can be interpreted as a gradient projection, so
Nesterov’s extrapolation scheme [34] can be incorporated into
NQT to accelerate its convergence. Eventually, [29] shows that
the extrapolated NQT leads to the following convergence rate:

|ft—f*|:tl2 as ¢t — oo, (3)

where v > 0. Thus, the extrapolated NQT has much faster
convergence than WMMSE and NQT.

Nevertheless, the above convergence rate analyses from
[29] only reflect the asymptotic speed as ¢ — oo. But for
a real-world network it is the finite or even small ¢ that truly
matters. Toward this end, this work considers the finite horizon
optimization of the large-scale MIMO precoders. Specifically,
given a finite positive integer 7, we aim to maximize the
performance after T iterations, i.e.,

maximize f7 for some given T < oo. 4)

The finite horizon optimization is a newly emerging notion
initiated in the machine learning field [35] to facilitate the
finite-depth neural network training [36], [37]. To the best
of our knowledge, the finite horizon optimization has not yet
been explored in the area of wireless communications and
signal processing. We wish to clarify the distinction between
the finite horizon optimization and the optimization with finite
convergence (e.g., the conjugate gradient descent [38]). The
finite horizon optimization does not guarantee convergence to
a global optimum or stationary point after 7" iterations. Rather,
it aims at what one can expect at best after T iterations. The
main contributions of this paper are summarized below:

o We recast the constrained log-det beamforming problem
into an unconstrained quadratic program by means of the
matrix FP, extending the analogous result by Zhao, Lu,
Shi, and Luo [32].

e We propose solving the unconstrained quadratic program
by the finite-horizon gradient descent, and thereby avoid
inverting a large matrix whose size equals the number of
transmit antennas of the large-scale MIMO.

o We further optimize the step sizes of the finite-horizon
gradient descent by the Chebyshev polynomial theory.
To the best of our knowledge, this is the first time
that the finite horizon optimization is applied to the
communication system design.

Notation: For a matrix A, AM denotes its conjugate
transpose, || A||2 denotes its £ norm that equals the largest
singular value of A, ||A||r denotes its Frobenius norm. For
a square matrix A, tr(A) denotes its trace, and |A| denotes
its determinate. For a nonsingular matrix A, A~ denotes its
inverse. Moreover, I denotes the identity matrix, C? the set
of d x 1 vectors, C?*™ the set of d X m matrices, and S, the
set of positive semidefinite matrices. For a complex number
a € C, R{a} is its real part, |a| is its absolute value. For a
differentiable function g(z), Vg(x) denotes its gradient. Let
Pr = {craT +er_12T 1+ ...+ 1o+ co: er # 0} be the
set of degree-7T" polynomials given a positive integer 7.

II. SYSTEM MODEL

Consider a single-cell downlink large-scale MIMO network;
the multi-cell case is discussed later in Section V. Assume that
the base-station (BS) has M transmit antennas and each user
terminal has N antennas; it shall be understood that M >
N in the large-scale MIMO system. The BS aims to send
independent messages to a total of K user terminals in the
cell simultaneously via spatial multiplexing. Assume that at



most d < N data streams can be transmitted to the same user
terminal. We use k,j = 1,..., K to index the users. Denote
by Hj € CN*M the downlink channel from BS to the kth
user, Vi, € CM*4 the transmit precoder intended for the kth
user, and o2 the background noise power. Thus, an achievable
rate Ry of user terminal £ can be computed as

Ry =log|I + V' H'F, " H, V|, (5)
where
F.=0’T+) H.V,V/'H}. (6)
i#k

Each user terminal % is assigned a positive weight wy > 0 in
accordance with its priority. We seek the optimal precoding
variable V' = {V},} to maximize the WSR:

K

max‘i/mize Zkak (7a)
k=1
K

subject to > _[|Vi|% < P, (7b)
k=1

where P is the power constraint. We remark that the num-
ber of transmit antennas M in (7) is much larger than the
conventional MIMO case, e.g., it is of the order of thousands.

III. CONVERSION TO QUADRATIC PROGRAM

It is difficult to tackle the problem (7) directly because
of its nonconvexity. This section shows that the problem can
be rewritten as an unconstrained quadratic program. For the
conventional MIMO network, the new problem is favorable in
that each Vj, can then be solved in closed form. Nevertheless,
for the large-scale MIMO case with M being large, the closed-
form solution of V} entails an M x M matrix inversion
which is computationally formidable in practice. A finite
horizon optimization treatment of this new quadratic program
is discussed in Section IV.

First of all, it is easy to notice that the power constraint (7b)
must be tight at any nontrivial' stationary-point solution, for
otherwise we can further increase the value of Zszl wi Ry,
by scaling up all the V}’s simultaneously. Since the global
optimum must be nontrivial, problem (7) is equivalent to

K

max‘i/mize Z wr Ry, (8a)
k=1
K

subject to Z Va7 = P, (8b)
k=1

in the sense that the two problems have the same global
optimum (and also the same set of nontrivial stationary points).

TAs defined in [32], the solution V is said to be nontrivial if HV}, # 0
for at least one k = 1,2,..., K.

Furthermore, problem (8) can be immediately rewritten as

K
max‘i/mize Z wg, log ‘I + VkHH,I;If’klek Vi (9a)

k=1
K
subject to Y _[[Vi[: = P, (9b)
k=1
with F}, in (6) replaced by
F, = (P Z ||Vk||%> I+ ZHijVjHH,Ij. (10
k=1 j#k

We now remove the power equality constraint (9b) and obtain
an unconstrained reformulation of problem (9) as

K
maxjmize > w 1og‘I+VkHHEﬁ',;1Hka Can
k=1

A crucial trait of the above new problem is that its objective
value does not alter when all the Vj are multiplied by the
same nonzero factor, as stated in the following lemma.

Lemma 1: Denote by g(V') the objective function in (11).
For any nonzero V, we have ¢g(V) = g(cV') given any
nonzero factor ¢, and thus

Vg(V) LV (12)

for any V.

In light of the above lemma, we can show that?:

Theorem 1: For any V' with 25:1 [Vil|% >0, it is a sta-
tionary point of problem (11) if and only if pV is a stationary
point of problem (7), where p = (P/ Zle Vil 2)1/2.

Proof: Denote by f(V') the objective function in (7).
If V is a trivial solution so that H;V,; = 0 for every
kE=1,2,...,K, then we have Vf(V) = Vg(V) = 0, so
the theorem holds in this case. The rest of the proof assumes
nontrivial V.

We start with the necessity. If V' is a stationary point of
(11), then pV is a stationary point of (11) as well because
Vg(pV) = Vg(V) = 0 according to Lemma 1. Clearly,
pV is feasible for the power constraint and continues to be
a stationary point in (9). Since (9) is equivalent to (7) in the
nontrivial regime, we have pV be a stationary point of (7).

We then show the sufficiency. If pV is a stationary point of
(7), then it is also a stationary point of (9) since the two prob-
lems are equivalent in the nontrivial regime. Thus, pV must
satisfy the KKT condition in (9), i.e., Vg(pV) +2u*(pV) =
0, where p* € R is the optimal Lagrange multiplier for the
constraint Zkl,(:l | Vi||% = P. We rewrite this KKT condition
as Vg(V') = —2u*V’ where V' = pV. Combining the
above result with Lemma 1, i.e., Vg(V’) L V', we obtain
w* = 0 and Vg(V’) = 0. Again, by Lemma 1, we have
Vg(V) = Vg(p~'V’) = Vg(V’) = 0. The proof is then
completed. [ ]

We remark that problems (11) and (7) are not guaranteed
to be equivalent since their global optimum may not be

2A weak version of Theorem 1 has been shown in [32] assuming that V' is
nontrivial. The proof technique in [32] is different and is more computationally
intensive: it explicitly compares the KKT conditions of (7) and (11).



identical. Yet the two problems have the same set of stationary
points excluding the zero solution. Because the beamforming
problem is NP-hard [12], it is adequate in most cases to reach
a nonzero stationary point. As such, it suffices to consider the
new problem (11) in the rest of the paper.

Next, we deal with problem (11) from an FP perspective.
First, apply the Lagrangian dual transform [26] so as to move
the matrix ratio %HH,?F kle k Vi to the outside of log-det.
As a result, problem (11) is converted to

. r 1
maximize [r(V,T) (13a)
subjectto I'y €S, k=1,... K, (13b)

where I' = {T';;} is a set of auxiliary variables, and the new
objective function is given by

K

f-(V,T) = Zwk [log |I 4+ Tg| — tr(Tg)
k=1

+tr((I + I‘k)VkHH,Ika_lHka)} (14)
with
Jy = H,V,VIH + F,. (15)

When V is held fixed, I' in problem (13) can be optimally
determined as

r=VHUHIF'HLV;. (16)

It remains to optimize V' when I is fixed. Note that problem
(13) is a sum-of-matrix-ratios problem of V', for which the
quadratic transform [26] can be readily applied. As a result,
we further convert problem (13) to

maximize f,(V,IT,Y) (17a)
subjectto I'y €S, k=1,...,K (17b)
Y, eCV* k=1,... K, (17¢)

where Y = {Y}} is a set of auxiliary variables, and the new
objective function is

K
fV. DY) = [bg T+ T — te(Ty) +
k=1

tr (2R{VEHAYL(I + Ty)} — VIV (T + rk))} . (18)

When I and V' are both held fixed, each Y} can be optimally
determined as

Y = J; ' Hy V. (19)

We remark that both (16) and (19) require inverting an N x N
matrix. This shall not incur any computational difficulty since
N is a small number (e.g., N =1 or 2 in a typical massive
MIMO system [39]).

The key step is to optimize the precoding variable V' in
(17) with ' and Y both held fixed. Note that f,(V,TI',Y) is
a concave quadratic function in V, so the solution of each V},
can be obtained in closed-form by completing the square, i.e.,

Vi =D'Q, (20)

Algorithm 1 Unconstrained WMMSE Beamforming
1: Initialize V' to any nonzero beamforming matrix.
2: repeat

3 Update each IT'y, by (16).

4:  Update each Y by (19).

5

6

7

Update each Vj, by (20).
. until convergence «
1 V4= pV, where p = (P/ 30, [[Vil|7)"/2.

where

K
D= ij [H}{Yj(I +T,)Y"H;
=1
0.2
—tr

+ (VYT 2D

and

Qi = wp Hi'Y3.(I +T), (22)

As shown in [26], updating I, Y, and V iteratively guarantees
convergence to a stationary point of (17). We can subsequently
recover a stationary point of the original problem (13) accord-
ing to Theorem 1. Algorithm 1 summarizes the above steps;
observe that it resembles the conventional WMMSE algorithm
[3].

Despite the closed-form steps in Algorithm 1, the practical
implementation of this algorithm can still be difficult because
the optimal update of Vi in (20) requires computing the
M x M matrix inversion D~!, where M is a large number
in our problem case. Thus, the real challenge is to optimize
V in (17) for fixed (I',Y"), which can be divided into a set
of unconstrained quadratic program on a per Vj, basis:

minimize tr(%VkHDVk -R{V'Qx} ), (23)

Vi
for k =1,2,..., K. The next section proposes a finite horizon
optimization approach to the above quadratic program.

IV. FINITE HORIZON OPTIMIZATION

Denote by gx (V) the objective function in (23). To avoid
the matrix inversion D~!, we solve problem (23) by the
gradient descent as

VI =V — Vg (VY), (24)

where V! is the beamforming variable decision in the tth
iteration, 1y > 0 is the step size, and the gradient can be
computed as

Vor(Vy) = DV}! — Q. (25)

In particular, to cut down the computation cost, we only
allow the gradient update in (24) to run T times, i.e., t =
0,1,...,7 — 1 in (24). For the finite horizon optimization
purpose, we seek the optimal step sizes 7; to maximize the
performance of the ultimate solution VkT after T iterations:

minimize g (V;)) (26a)
N0, N7 -1
subject to - VT = V! — 0, Vg (V). (26b)



Denote by V;* the optimal solution to (23). The objective
function in (26) can be rewritten as

1
gr(Vi) = tr<§(Vk —VHED(V, — V,:)) +C, QN

where C is a constant term depending on V*. Moreover, let
Aps be the largest eigenvalue of D and A; the smallest eigen-
value. Since D is positive definite, we have A\p; > Ay > 0. It
can be shown that

A1 . Am .
?”Vk - VIR <ge(Vi) —C < THVk - VillE @28)

Based on the above bounds, problem (26) can be approximated
as

minimize ||V} — V}'|| ¢ (29a)
Mo, N7 -1
subject to - VT = V! — 1, Vg (V). (29b)

Intuitively, we aim to minimize the (Euclidean) distance be-
tween the ultimate solution V;I' and the optimal solution V}*
after T iterations.

Furthermore, we bound the distance |V, — V;*||r from
above as

Vi = Vil
T—1
= (Vko - Vk*) H (I —neD)
t=0 F
T—1
<\ I T=nD)| x|V -V,
t=0 2
T—1
< s 1—m v9i— v .. 30
_/\15}\12/\1»{ tl;([)( nt)XHk k|F ( )

Substituting this upper bound in problem (29), we arrive at

T—1
minimize sup H (T —mN)| - (31)
10> NT—=1 X\ <A<Awm | ;2o

We shall decide the step sizes for the finite horizon optimiza-
tion by solving the above problem.

Proposition 1: If we require all the step sizes to be identical,
ie., ng =m =...=nr—1 =10, then the optimal solution is
_ 2
N A+ A

As a result, we obtain from (30) that

n (32)

2 T
Ve vele< (1= ) IV -Vele GO

Kk+1
where k = Apr/A1 is the condition number of matrix D.
Next, we consider (31) with (ng,--- ,nr—_1) allowed to be

different. It turns out that the problem is closely related to the
degree-1T' Chebyshev polynomial:
S(z) = cos(T arccos )
=2"" Mz - &)z — &) (2 — &), (34)

where

1\ =
= t+—-|=),t=0,1,..., T —1.
& cos(( +2> T)’ sy

(35)

For a constant v > 1, we normalize S(z) at the position v as

Sasy) = 2

36
S() (36)

Clearly, we have S(v;7) = 1.

Now, an important result from [40]-[42] is that S (z; ) has
“smaller” fluctuations on the interval [—1,1] than any other
degree-T" polynomials that are normalized at v, i.e.,

sup [S(z;9)| < sup [p(x)|, Vp(z)€P,, (37
—1<z<1 —1<z<1

where

P, ={p(z) € Pr:p(y) =1}. (38)

To utilize the above result, we need to rewrite the objective
function of (31) in the form of the Chebyshev polynomial.
Denote by So(\) the objective function in (31) as a polynomial
of A given (ng, -+ ,nr—1):

T-—1
SoN) =[] (1 =mN). (39)
t=0
Letting
_ At A 2\ (40)

T = _
Av—A1 An— A
so that —1 < 2 < 1 when A; < A < Ay, we rewrite Sp()\)

as a polynomial of x:
S(x)—Tl—f(l— (/\M+)\1_)\M_>\1x>> 1)
RS G 2 '
Because of the one-to-one correspondence between x and A,
we have the problem equivalence:

minimize  sup

|So(A)| <= minimize sup |Si(z)].
M0 IT 1 X <A< Anr

N0, NT—-1 —1<x<1

Observing that every possible Si(z) equals 1 when z =

2u+tM we further have
AM—A1

minimize sup |Si(z)| <= minimize sup |p(z)]|,
n0, - NT -1 —1<z<1 p(z)€Py —1<z<1

where Aus 4 A
M 1

= (42)
7T =M

According to (37), the optimal solution of (no,...,n7—1) is

the one that makes
S A+

S =S{ax;———— . 43

o) = 3 @

In other words, we should choose (7o,...,n7—-1) to let

Si(x)S (%) be the degree-T' Chebyshev polynomial. This

optimal solution is stated in the following proposition.

Proposition 2: An optimal solution to problem (31) is
2SR VD VYD VI N
t = < 2 + ) gt ’

fort =0,1,...,7 — 1. This optimal solution leads to

(44)

9 T
HVkT_Vk*Hng(1_\/M) Ve = Vit ||, 45)



Algorithm 2 Finite Horizon Beamforming for a Single Cell

Algorithm 3 Finite Horizon Beamforming for Multiple Cells

1: Initialize V' to any nonzero beamforming matrix.

2: repeat

3:  Update each I'y;, by (16).

4:  Update each Y; by (19).

5 Update each Vj, by (24) for T iterations, with the step
sizes determined as in (44).

6: until convergence

7.V« pV, where p = (P/ S, [|Vi||%) /2.

1: Initialize V' to any nonzero beamforming matrix.

2: repeat

3 Update each I'y;, by (55).

4:  Update each Yy, by (56).

5 Update each Vj, by (57) for T iterations, with the step
sizes determined as in (59).

until convergence
K
(Pe/ Ygomy 1VarlI3)/2.

e A

Vir, < peVir, where pg =

where kK = Apr/A;1 is the condition number of matrix D.

Remark 1: The convergence bound in (33) continues to hold
when T is replaced by any other positive integer t = 1,2,.. .,
whereas the convergence bound in (45) holds only for this
particular 7T'.

Remark 2: Problem (31) has multiple optimal solutions.
Actually, since the variables 79,71,...,77r—1 are symmet-
ric in the objective function of (31), the reordering of
M5-m3%s - -, m_q) in (44) still gives an optimal solution.

V. MULTI-CELL CASE

Thus far our attention is limited to the single-cell downlink
network with only one BS. This section aims at a multi-
cell extension. Assume that there are L BSs, each equipped
with M transmit antennas. The rest setting follows that in the
single-cell case, e.g., each cell has K user terminals, and each
user terminal has N receive antennas. We use £,i =1,..., L
to index the cells and the corresponding BSs, and still use
k,7 = 1,..., K to index the users within each cell. Denote
by Hy,; € CN*M the channel from BS i to the kth user in
cell £, and V, € CM*? the transmit precoder of BS ¢ for its
kth associated user. As a result, the achievable rate of the kth
user in cell ¢, written Ry, is given by

Ry, =log |I+ V) Hyy (Fj ' Hy ¢ Vi, (46)

where

Fy, = oI + Z Hy. Vi,V H . (47)

(4,5)#(L,k)

The weighted sum-of-rates maximization problem across
multiple cells is:

max1mlze Z Z wek Rok (48a)
{=1k=1
K

subject to > [[Vikl|Z <P, £=1,..., L. (48b)
k=1

Unlike the single-cell case, the power constraint in the above
problem need not be tight at the optimum point. We propose

rewriting (48) as

max1mlze Z Zwekng (49a)
=1 k=1
K

subject to - Y |Vixl|p=Po, £=1,...,L, (49b)

k=1
with the power variables P, < P. In practice, we may optimize

P, separately via the existing power control method for fixed
V.

Repeating the procedure from (8) to (11) in Section III, we
recast problem (49) into an unconstrained problem:

maximize Y e log |1+ Vi Hy  Fy HoeVii| - (50)
£,k

where
Fy, = (o ZVMHF>1+ Z Hy, Vi, V. Hpj ;.
(4,9)# (L ,k)
(51)

Again, by the matrix FP technique, we obtain the further
reformulation as an unconstrained quadratic program:

. MC
m‘z}{(i}%’ze f, (V. I.Y) (52a)
subject to Ty € Sy, V(£, k) (52b)
Yy, € CVX (4, k), (52)

where the new objective function is shown in (53) along with
Jow = Ho Vi VT HEL , + Fy.. (54)

Similar to the single-cell case, the two auxiliary variables are
optimally determined as

(55)
(56)

* HysH -1

o = Vg Hyp o Fyp” Hok o Ver,s
* —1

Yék = Jgk Hék,éVék-

For fixed auxiliary variables, we update the beamforming
variable by gradient descent up to 7" iterations:

Vi = Vi — 0V (V), (57)

L K
ROWVTY) = 303w log I + ol = tr(To) + tr(2R{VAHLL Yo (I + Tar)} = YilJuYur (I +Tur))| - (53)

{=1 k=1



where
Vaoe(Var) = DoV, — wor Hyj, o You (I + T (58)

Now, the step sizes (17,0,7¢,1, - - -, Me,7—1) are determined for
each cell ¢ individually as in Proposition 2:

Dot — <)\zM ;- A1 n )\zMZ— Aot £t> 717

only that the largest eigenvalue A\gp; and the smallest eigen-
value \y; are now associated with the cell-specific matrix

(59)

L K
D, = ZZ”UHEJY;J‘(I + Fij)Y;’Ij{Hij,Z

i=1 j=1

K 2
+; ;32 tr (Y Yo, (I +Ty;)) 1. (60)

Algorithm 3 summarizes the above steps for the extended finite
horizon beamforming for multiple cells.

VI. SIMULATION RESULTS

We first validate the performance of the proposed algorithms
numerically in a single-cell large-scale MIMO network. Within
the cell, the BS is located at the center, and 6 downlink
users are randomly distributed. Let the BS have 2048 transmit
antennas, and let each downlink user have 8 receive antennas,
8 independent data streams being intended for each downlink
receiver. The maximum transmit power P equals 20 dBm. The
background noise level o2 equals —80 dBm. The rate weights
wy, are all set to 1. The downlink distance-dependent path-
loss is modeled as 15.3 + 37.6log;,(I) + A (in dB), where
[ represents the distance in meters, and A is a zero-mean
Gaussian random variable with a standard variance of 8 dB—
which models the shadowing effect. The parameter T is fixed
at 5 for Algorithm 2 by default. Aside from Algorithm 1 and
Algorithm 2, we consider the conventional gradient descent
with equal step size as in (32); we let the conventional gradient
descent run 7' iterations as well for fairness.

Fig. 2 and Fig. 3 compare the convergences of the different
beamforming algorithms in iterations and in CPU time, respec-
tively. Observe from Fig. 2 that Algorithm 1, i.e., the modified
WMMSE algorithm without need to tune the Lagrangian
multiplier for the power constraint, converges faster than
the proposed Algorithm 2 and conventional gradient descent
algorithm in iterations. This is because Algorithm 1 finds the
exact global optimum of the quadratic program in (23) every
after the updates of the auxiliary variables. From an MM
perspective, it gives a tighter approximation of the original
objective function (7). However, this is at a high cost of
computing a 2048 x 2048 matrix inversion for each iteration.
As a result, it can be seen from Fig. 3 that the proposed
Algorithm 2 converges faster than Algorithm 1 in CPU time,
since the per-iteration complexity of the former is much lower
than that of the latter. For instance, Algorithm 1 requires
about 2.6 seconds to reach 100 bps/Hz, while the proposed
Algorithm 2 merely requires 1.6 seconds to attain the same
performance.
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Fig. 2. Sum rates vs. number of iterations in the single-cell case.
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Fig. 3. Sum rates vs. CPU time in the single-cell case.

Furthermore, Fig. 4 focuses on how the different algorithms
tackle the quadratic program in (23) iteratively when the
auxiliary variables I'y, and Y} are both held fixed. Note that
Algorithm 1 is not included in the figure because it solves the
quadratic program (23) directly. We try out different values of
T for Algorithm 2, i.e., T € {3,5,7}. According to Fig. 4,
Algorithm 2 converges more quickly when 7T is smaller, but
its ultimate performance after 7T iterations becomes worse.
Observe also that Algorithm 2 need not be always faster than
the conventional gradient descent, but when it terminates at
the T'th iteration, it must outperform the conventional gradient
descent. Further, we remark that Algorithm 2 is already quite
close to the global optimum when 7' = 7, so the quadratic
program in (23) can be well addressed without computing the
large matrix inversion.

Next, Fig. 5 shows how the different algorithms behave
when the number of transmit antennas M is changed. For
fair comparison, the same amount of CPU time is given to all
the algorithms. Clearly, Algorithm 1, which is the modified
WMMSE algorithm, is sensitive to the increase of the number
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Fig. 4. Objective value in (23) vs. number of iterations in the single-cell case.
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Fig. 5. Sum rates vs. number of transmit antennas in the single-cell case.

of antennas. While Algorithm 1 outperforms Algorithm 2
when M = 512, it is surpassed when 7' increases to 1024.
The benefit of eliminating the large matrix inversion now starts
to pay off. The advantage of Algorithm 2 over Algorithm 1
becomes even larger when M further increases to 2048.

We now consider the multi-cell case. The different algo-
rithms are tested in a 3-cell large-scale MIMO network, with
the BS-to-BS distance set to 800 meters. The rest settings
(e.g., the number of transmit antennas of each BS) follows the
previous single-cell case. We do not consider power control
in this case, simply letting each Py = P.

Fig. 6 and Fig. 7 repeat the convergence tests for the multi-
cell network. The results do not differ much from the previous
single-cell case. Again, the modified WMMSE of Algorithm
1 requires the fewest iterations to converge according to
Fig. 6, and yet is much slower than the proposed Algorithm
2 according to Fig. 7 when it comes to CPU time, because of
its high computation cost in large matrix inversion. Actually,
Algorithm 1 is even slower than the conventional gradient
descent as shown in Fig. 7. For instance, Algorithm 1 requires
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Fig. 6. Sum rates vs. number of iterations in the multi-cell case.
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Fig. 7. Sum rates vs. CPU time in the multi-cell case.

almost twice as much time as the other two algorithms to finish
the first iteration.

VII. CONCLUSION

This paper proposes a novel finite-horizon approach to
the beamforming problem for the large-scale MIMO. We
first convert the constrained log-det problem to an uncon-
strained quadratic program by the matrix FP. Optimizing the
beamforming variables in the new problem iteratively by the
gradient descent can avoid the costly matrix inversion. Our
key contribution is to incorporate finite horizon optimization
into the gradient descent to enhance efficiency. This is the very
first application case of finite horizon optimization in the area
of signal processing and digital communications.
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