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Abstract—This paper concerns the coordinate multi-cell beam-
forming design for integrated sensing and communications
(ISAC). The optimization objective is to maximize a weighted sum
of the communication rates and the sensing Fisher information.
The conventional beamforming method for massive multiple-
input multiple-output transmission, i.e., the weighted minimum
mean square error (WMMSE) algorithm, has a natural extension
to the ISAC problem scenario from a fractional programming
(FP) perspective. However, the extended WMMSE algorithm
requires computing the N x N matrix inverse extensively, where
N is proportional to the antenna array size, so the algorithm
becomes quite costly when antennas are massively deployed.
To address this issue, we develop a nonhomogeneous bound
and use it in conjunction with the FP technique to solve the
ISAC beamforming problem without the need to invert any large
matrices. It is further shown that the resulting new FP algorithm
has an intimate connection with gradient projection, based on
which the convergence can be accelerated.

I. INTRODUCTION

Integrated sensing and communications (ISAC) is an emerg-
ing wireless technique that reuses the network infrastructure
and radio signals for both communications and sensing—
which used to be dealt with separately in the conventional
networks, in order to reduce the infrastructure cost and boost
the spectral efficiency. This work focuses on the large antenna
array case of ISAC, aiming at a system-level optimization by
coordinating the antenna beamformers across multiple cells.

The ISAC beamforming problem is a nontrivial task due to
the nonconvex nature of the underlying optimization problem.
Quite a few advanced optimization tools have been considered
in the previous attempts. Semi-definite relaxation (SDR) is a
typical example because the ISAC beamforming problem can
be somehow relaxed in a quadratic form, e.g., as a quadratic
semi-definite program (QSDP) [2] or a semi-definite program
(SDP) [3]]. Successive convex approximation (SCA) constitutes
another popular approach in this area. For example, [4] uses
SCA to convert the ISAC beamforming design to a second-
order cone programming (SOCP) problem—which can be
efficiently solved by the standard convex optimization method.
Another line of studies [5], [6] utilize the majorization-
minimization (MM) theory to make the ISAC beamforming
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Fig. 1. A multi-cell ISAC system with L = 3 and K = 3. The circle is the
point target to sense. The arrows are the transmit signals and the echo signals.

problem convex, especially when the passive beamforming
of the intelligent reflecting surface (IRS) is involved. More-
over, because the ISAC beamforming problem is fractionally
structured, the fractional programming (FP) technique, i.e., the
quadratic transform [7], [8], forms the building block of [9],
[10].

To exploit the degrees-of-freedom (DoF), the massive
MIMO technology has been considered for the ISAC sys-
tem. In principle, as shown in [11]], the efficiency of target
detection improves with the antenna array size. From the
algorithm design viewpoint, however, the large antenna array
can pose a tough challenge. Actually, even considering the
communications task alone, the beamforming design with
massive antennas is already quite difficult. For instance, al-
though the WMMSE algorithm [12], [|13]] has been extensively
used for the MIMO transmission, it is no longer suited for
the massive MIMO case because the algorithm then entails
computing the large matrix inverse extensively per iteration.
Other standard optimization methods such as SDR and SCA
are faced with similar issues since they involve the matrix
inverse operation implicitly when performing the interior-point
optimization. Some recent efforts aim to improve the efficiency
of WMMSE in the massive MIMO case, e.g., [14] proposes
a light WMMSE algorithm that has a lower complexity of
the matrix inverse computation under certain conditions. The
present paper is most closely related to a series of recent works
[15], [16] that use a nonhomogeneous bound from [17] to
avoid matrix inverse. While [[15]], [[16] focus on the transmit
beamforming alone, this work proposes a novel use of the
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non-homogeneous bound that accounts for both the transmit
beamforming and the echo receive beamforming.

II. MULTI-CELL ISAC SYSTEM MODEL

Consider a downlink multi-cell ISAC system with L cells.
Assume that each cell has K downlink users. For each BS
{ = 1,2,...,L, there are two tasks: (i) send independent
messages to the K downlink users in its cell by spatial
multiplexing; (ii) detect the direction of arrival (DoA), 6;, for
a point target. An illustrative example of the ISAC system
as described above is shown in Fig. [l We assume that BS
¢ has N} transmit antennas as well as N, receive antennas
for detecting the echos. The kth downlink user in the /th cell
is indexed as (¢, k). User ({,k) has My receive antennas.
Notably, the transmit antenna array size N} and the echo
antenna array size N, at the BS side can be large, whereas
the receive antenna array size My at the terminal side is often
small, as typically assumed for a massive MIMO network.

A. Communications Model

Let Sy, € C%+*T be the normalized symbol sequence in-
tended for user (¢, k), where dyy, is the number of data streams
and T is the block length. Note that dy is often small since
der. < My Let Wy, € CNixder be the transmit beamformer
of BS /¢ for Sy,. The different data streams are assumed to
be statistically independent. Denote by Hyy ; € CMex*Ni the
channel from BS i to user (¢, k). Each entry of the background
noise Ay, € CMexxT ig drawn i.i.d. from CA(0, 02). The data
rate for user (¢, k) can be computed as

ng = IOg ‘Ide + Wchgc,[nglHék,KWlk 5 (1)
where

Fu= Y  HuWiWiH}, , +0°Iy,. (2

(3,9)#(4,k)

For the good of communications, we wish to maximize the
data rates throughout the network.

B. Sensing Model

Recall that BS ¢ has N/ transmit antennas (for commu-
nications) and N, receive antennas (for sensing). Denote by
al(6,) the steering vector of the transmit antennas, a},(6;) the
steering vector of the receive antennas, and &y; the reflection
coefficient from BS ¢ to BS £. The echo signal is corrupted
by the background noise A, € CNe*T drawn ii.d. from
CN(0,52). Each BS ¢ recovers the DoA 6, from the received
echo signal Y.

Mean squared error (MSE) is a common performance metric
of estimation. Nevertheless, it is difficult to analyze the MSE
of 6, in our problem case. Instead, we adopt the Fisher
information as the performance metric, following the previous
works [18]], [19] in the ISAC field. Define the response matrix

G = uay (0)(ab(00) T 3

Denote by G; the interference channel from BS i to BS ¢ for
any i # (. Let
L K

i=1,i#0 j=1

IT & G& z])sz] + 6@7 (4)

where &, = vec(AZ) and s, = vec(Sy). Define Q, to be

Q¢ = E[pepy']
=Ir® ( > Z GuW;,;WHGH + 521N;>.
i=1,i#L j=1

The Fisher information of 6, is then given by [20]]

K
Jy = 2T {Ztr ((GMWM)HQ[l(GezWék)) } ;)

k=1

where Gee = aGgg/aez and

K
Qi = ZZGmW

i#0 j=1
For the good of sensing, we wish to maximize the Fisher
information of 6, at each BS /.

WG + 6% Iy, (6)

C. ISAC Beamforming Problem

To account for both communications and sensing, we con-
sider maximizing a weighted sum of data rates and Fisher
information:

maxmlze Z Z wer R + Z BeJy (7a)
=1 k=1
K

subject to Z”WU@H% <P, (7b)
k=1

where W = {Wjyy,..., Wy} is the collocation of all
beamformers, wyy, 5 > 0 are the given nonnegative weights
reflecting the priorities of the communications and sensing
tasks, and P is the power budget of each BS.

III. MAIN RESULTS

As a key observation, problem ({7) is fractionally structured.
In light of this FP interpretation, we first show that the tra-
ditional WMMSE algorithm [[12]], [[13]] for the communication
beamforming can be extended for the ISAC beamforming.

A. Extended WMMSE for ISAC Beamforming

First, we use the Lagrangian dual transform [8] to move
the ratios to the outside of log-determinants for the term
S S wikRey in (7@). Problem (7) is converted to

L
maé(‘}rr%lze fr(W,T) + ;ﬁng (8a)
K
subject to Y [Wi||7 < P (8b)
k=1
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0k

(1)

where

L K
WD) =" wp [bg |14, + Toi| — tr(Tex)
(=1 k=1

—i—tr((Ide “rFek)WgI}Cch}gnglHlkjWék):| ©)]

with Uy, = ZiL:l Zf:l ka,iWijWiI}chﬂ; + 0'2IMM- For
fixed W, problem is convex in I'. According to the first-
order condition, each I'y; can be optimally determined as

T}, =W Hj, F, Hy (W, (10)

Notice that (8) is a sum-of-weighted-ratios problem of W
when I is fixed, so the quadratic transform [§]] is applicable.
The optimization objective in is then further recast to
fq(W,L, YY) as shown in with

Aok = wo HEL Yor (L, +To) +2T5,GR Yo, (12)

For the notational clarity in (TT), we use Yz (Y1) to denote
each auxiliary variable introduced for the communication task
(sensing task). The resulting reformulation of problem () is

maximize f,(W,L,Y,Y) (13a)
W,y Yy
K
subject to Y W% < P (13b)
k=1

When W and T' are both held fixed, the above problem is
jointly convex in Y and Y, so we can optimally determine
them by the first-order condition as

Y = U, Ho e Wy,
Y. = Q[lGeeWek~
By the identity tr(AAM) = || A]

(14)
15)

2., we get the optimal Wyy:

1
Wi, = argmmeirvlvHLE(Wek —L;'Aw)|7, (16
where
K
W = {W: MWl < P, W} : (17)
k=1
and

L K
Le =% wiHY (Lo, + T3 Y Hijo
i=1 j=1
L K o
+2T Z ZGz}‘IE(ﬁin‘jYéﬁl)Gw (18)
i=1,i#0 j=1

We summarize the above iterative optimization steps in Algo-
rithm [I

Algorithm 1 Extended WMMSE for ISAC Beamforming
1: Initialize W to a feasible value.
2: repeat
3 Update each I'y;, by (I0).
4:  Update each Yy, and Yy, by and (T3), resp.
5
6

Update each Wy, by (16).
. until the objective value converges

_ Remark I: Notice that updating W as in and updating
Y as in (T5) both entail inverting matrices, which can be quite
costly when massive antennas are deployed so that /N, or/and
N} is large.

B. Large Matrix Inverse Elimination

Before tackling the large matrix inverse issue of the ISAC
beamforming problem, we first illustrate how this issue can
be addressed in a toy example. The main tool is stated in the
following lemma:

Lemma 1 (Nonhomogeneous Bound): Suppose that the two
Hermitian matrices L, K € C%¥¢ satisfy L < K, e.g., when
K = A\ where A = Apax (L) with Apax (L) being the largest
eigenvalue of L. Then for any two matrices X, Z € C4*™,
one has

tr(XPLX) < tr(X"KX +2R{X"(L - K)Z}
+ZMK-L)Z), (19
where the equality holds if Z = X.

Example 1: Consider the following single-ratio problem:

maximize tr((AX)Y(BXX"B%")"1(AX)), (20
Xex

where A, B € C"*4, X € C™™, and X is a nonempty set.
By quadratic transform, the above problem can be recast to

maximize f,(X,Y), 21

XeX)Y

where
fo(X,Y) = tr2R{X"A"Y} - X"BUYY"BX). (22

Next, treating

L=B'YY"B (23)

and applying the nonhomogeneous bound in Lemma([I] we can
convert problem to

maximize

X,Y,Z
XEX,Y.Z gO( Y Y )7

(24)
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+ MW Zo, — Zpj Zo, — W W) }) + wer log |1a,,, + Tor| — tr(weeTew + weo®(La,, + o) Y Yor)

(34)

where the new objective function is
0.(X,Y,Z) = tr(ZéR{XH(AHY) + XU\, — L)Z}
+ ZH(L — N Z — )\XHX> (25)

with A = A\pax(L). X can now be optimally determined for
9o(X,Y,Z) in closed form without computing the matrix
inverse when (Y, Z) are held fixed. This desirable result
motivates us to apply Lemma [I] one more time to get rid of
the matrix inverse for the optimal update of Y in solving (24).
Specifically, rewriting as

0o(X,Y,Z*) = tr(@%{—YH(BZ*@X _ z*)HBH)y
+2YT(AX) + A2XMZ* — XMX - (Z*)HZ*)}) (26)

and treating

L=BZz*(2X — z*)"BY, 27
problem (24) can be further recast to
maximize  g,(X,Y, Z*, Z), (28)

XeX,)Y,Z*Z

where

9s(X,Y,Z*, Z) = tr(R{2YN(AX + (\I,, - L)Z)
+ZWL -\ Z + \2X"z* — X"X — (z*)"Zz")
-AYYHY) (29
with \ = )\m%(i). We propose optimizing the variables of
9s(X,Y | Z,Z) in an iterative fashion as
e XT S ZT YT S ZT 5 X

We now specify the iterative optimization steps. First, accord-
ing to Lemma , Z and Z are optimally updated as

Z*=X and Z*=Y. (30)
With the optimal Z* = Y plugged in ¢,(X,Y,Z,Z), we
can find the optimal update of X by completing the square as

X* = Z+%(AHY7LZ). €)))

Likewise, after Z has been optimally updated to X, we can
find the optimal update of Y by completing the square as
~ 1 ~~
Y*:Z+§(AX—LZ). (32)

We remark that the above iterative optimization steps do not
incur any matrix inverse.

C. Nonhomogeneous FP for ISAC Beamforming

We now extend the result of Example [I] to the multi-ratio
FP case for the ISAC beamforming. First, we still apply the
Lagrangian dual transform and the quadratic transform to
problem (7)), so that the original problem is converted to (13).

In order to get rid of large matrix inverse, we follow the
procedure in Example [T] and reformulate problem (I3)) further.
After two uses of the nonhomogeneous bound, problem (I3)
is equivalent to

maximize g¢,(W,L,Y.Y,Z, Z) (33a)
K

subject to Y [Wi||% < P, (33b)
k=1

The new objective function is shown in (34) as displayed at
the top of the page, where

L K
D, = Z ZWJ‘H?J',ZKJ(I% +T3;)Y, Hijp,  (35)

i=1 j=1

L K
Ly=2T Y Y GulBiZi;(2Wi; — Zi;)")GY)
i=1,i#0 j=1

+ &% Iny, (36)

N = )\max(ig), A¢ = Amax(L¢), and L, was shown earlier
in (T8). Now, following the steps in Example [T} we consider
optimizing the variables in iteratively as

WS Z ST Y Y 5 Z W
According to Lemma |l Z and Z are optimally updated as
Zj, = Wi, (37
Z5. = Y. (38)
The optimal I" and Y are still determined as in and (T4);
notice that updating Yy, requires computing the matrix inverse

Uy, € CMeexMer byt this is tolerable since the number of
receiver antennas My, is typically a small integer. With the

find the optimal update of Wy, as

Wi it ¥, |Weyl3 <P
Wi, = = ) (39)
721 ”%“H% Wy, otherwise,
where
_ 1
W, = Zp + E(Aék —LiZy). (40)

After Z has been optimally updated to W, we obtain the




Algorithm 2 Nonhomogeneous FP for ISAC Beamforming

I: Igitialize W to a feasible value, z according to @, and
Z according to (37).

2: repeat

3. Update each Zy by (38).

4. Update each Iy, by (10).

s:  Update each Yy, and Yy, by (14) and @I)), resp.

6:  Update each Z;, by (37).

7. Update each Wy, by (39).

8: until the objective value converges

Algorithm 3 Fast FP for ISAC Beamforming

1: Initialize W to a feasible value, i according to @, and
Z according to (37).
2: repeat
. Update V according to @) and set Wy, = Vyi..

3
4:  Update each Zy;, by (33).

s:  Update each I'y;, by (I0).

6:  Update each Yy and Yy, by and (#T), resp.
7. Update each Zy, by (37).

8:  Update each Wy by (39).

9: until the objective value converges

optimal update of Y as
~ - 1 . o~
Y = Zu + T(QT&G@@WM = QuZyy). (41)
¢

Algorithm 2] summarizes the above steps and is referred to as
the nonhomogeneous FP method for the ISAC beamforming.
Differing from the extended WMMSE algorithm in Algorithm
the above new algorithm does not require computing any
large matrix inverse.

D. Proposed Fast FP for ISAC Beamforming

In this work, we not only aim to eliminate large matrix
inverse in order to reduce the per-iteration complexity, but also
seek to accelerate the convergence in iterations. Our approach
is based upon the following crucial observation: Algorithm [2]
has a deep connection with gradient projection.

Proposition 1: Algorithm [2] is equivalent to a gradient
projection:

(42)

o, (W
Wi = Py (W;;; s f()>

oWy,

where 7 is the iteration index, (7 > 0 is the gradient step size
in the 7th iteration, Pyy () is the Euclidean projection on W,
and f,(WT) is the primal objective function in (7a).
Proof: Please see the long version of this paper [[I]]. W
In light of the connection between Algorithm 2] and gradient
projection, we can readily accelerate Algorithm [2] by using
Nesterov’s extrapolation strategy [21]. We now extrapolate
each Wy, along the direction of the difference between the
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Fig. 2. The convergence behaviors of the different ISAC beamforming
algorithms when N, = Ny = 128.

preceding two iterates before the gradient projection, i.e.,
—1 -1 -1 -1 -2
Vie =Wy +0T (W = W),

L1
AL

(43)

-1 -1
Wi =P (Vi (A - VD)L @
where 7 is the iteration index, the extrapolation step v, is
chosen as

—2
UT:maX{T,O}, forr=1,2,...,  (45)
T+1
the starting point is Wl = EO. Algorithm |3| summarizes
the above steps and is referred to as the fast FP algorithm.

IV. NUMERICAL RESULTS

We validate the performance of the proposed algorithms
numerically in a 7-cell wrapped-hexagonal-around network.
Within each cell, the BS is located at the center and 45 down-
link users are randomly distributed. The BS-to-BS distance is



set to be 800 meters. Let every BS have 128 transmit (resp.
receive) antennas. Let every downlink user have 4 antennas;
4 data streams are intended for each of them. The maximum
transmit power P at each BS is set to 20 dBm, the background
noise power level at the downlink user side 02 is —80 dBm,
and the background noise power level at the BS side &2 is set
to 0 dBm. The downlink distance-dependent path-loss is given
by 15.3 + 37.6log;(d) + £ (in dB), where d represents the
BS-to-user distance in meters, and ¢ is a zero-mean Gaussian
random variable with a standard variance of 8 dB—which
models the shadowing effect. For the sensing, every reflection
coefficient &y; is set to 1 as in [22]]. The block length T' equals
30. The priority weights in problem (7) are set as 3, = 10711
and wyr, = 1. We use the same starting point for all the
competitor algorithms for the comparison fairness.

Fig. [2] shows the convergence behaviors of the different
algorithms. Observe from Fig. [2[a) that the extended WMMSE
converges faster than the nonhomogeneous FP and the fast FP
in iterations. From an MM perspective, this is because the
extended WMMSE gives a tighter approximation of the orig-
inal objective function f,(W). However, this does not imply
that the absolute running time of the extended WMMSE is
the shortest, because in the meanwhile the extended WMMSE
requires heavier computations per iteration due to the large
matrix inversion. Actually, it can be seen from Fig. 2(b)
that the nonhomogeneous FP converges faster than extended
WMMSE in time. For example, extended WMMSE requires
about 23 seconds to reach the objective value of 158, while
the nonhomogeneous FP merely requires 18 seconds. Thus,
in practice, the nonhomogeneous FP still runs much faster
than the extended WMMSE. Further, observe also that the
fast FP outperforms the nonhomogeneous FP not only in
terms of the iteration efficiency but also in terms of the
time efficiency. For example, to reach the objective value
of 160, the nonhomogeneous FP requires 8 iterations and
14 seconds, while the fast FP just requires 2 iterations and
3.5 seconds. Thus, the fast FP can further improve upon
the nonhomogeneous FP significantly, thanks to Nesterov’s
acceleration strategy.

V. CONCLUSION

This paper considers the ISAC beamforming optimization
for a multi-cell massive MIMO network. Based on the FP
technique, we first extend the classic WMMSE algorithm from
the communications case to the ISAC case. This approach
works but at a high cost of computation because the extended
WMMSE requires inverting large matrices. We then develop
the non-homogeneous bound to eliminate the large matrix
inversion from the extended WMMSE (which can be also
viewed as an FP based method). As a result, the per-iteration
complexity can be significantly reduced. Furthermore, we
show that the above FP based method is connected to gradient
projection, and then propose using Nesterov’s extrapolation
scheme to render the beamforming algorithm converge much
more rapidly.
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